Experimental Test of the Quantum Violation of the Noncontextuality Inequalities for 

the n-Cycle Scenario 
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The inequalities that separate contextual from noncontextual correlations for the n-cycle scenario 
(consisting of n dichotomic observables Oj, with j = Q, . . . ,n — 1 and such that Oj and Oj+i are 
jointly measurable) have been recently identified [arXiv:1206.3212 (2012)]. Here we report the results 
of an experiment designed to reach the maximum quantum violation of these inequalities for any 
even number of observables ranging from 4 to 14. The four dimensional Hilbert space required for 
the test was spanned by two photonic qubits encoded in the tranversal paths of photon pairs, and the 
joint measurability of the observables is guaranteed by measuring correlations between observables 
from different modes. Our results show contextual correlations as predicted by quantum mechanics. 

PACS numbers: 03.65.Ud,42.50.Dv,42.65.Lm 



Introduction. — Physical correlations are an essential 
resource in many technological applications. For exam- 
ple, a number of techniques of photon correlation spec- 
troscopy, microscopy, and interferometry used for study- 
ing condensed matter and biological systems are based 
on the detection of correlated light [ ~ ]. On the other 
hand, in quantum information, correlations between mi- 
croscopic systems (photons, ions, molecules, quantum 
dots, etc.) have been demonstrated to be useful for se- 
cure communication and fast information processing in 
quantum computers [ , ] . One of the fundamental dif- 
ferences between these two types of correlations is that, 
while correlations of the first type are noncontextual (i.e., 
they can be explained assuming that the correlated re- 
sults correspond to preexisting properties which are in- 
dependent of which other jointly measurable observables 
are tested), the correlations useful for quantum informa- 
tion cannot be explained this way - they are contextual. 
This contextuality has already been observed in various 
physical systems, e.g., ions [7, b], photons [ - ], and 
neutrons [ ]. 

The problem of finding the conditions that sepa- 
rate contextual from noncontextual correlations for an 
arbitrary measurement scenario (defined as a set of 
observables and the subsets that are jointly measur- 
able) is computationally intractable, and the solution 
is known only for a few scenarios. This solution is 
given as a set of noncontextuality inequalities, that de- 
fine the boundary of the set of noncontextual correla- 
tions. The most famous sets of noncontextuality inequal- 
ities are without doubt the ones that characterize the 



Clauser-Horne-Shimony-Holt [13] and the Klyachko-Can- 
Binicioglu-Shumovsky [ '] scenarios, which were, respec- 
tivley, the first nonlocality and contextuality scenarios 
to be completely characterized. Recently, these scenarios 
have been understood as the n = 4 and n = 5 cases of 
a more general scenario, the n-cycle scenario (consisting 
of n dichotomic observables Oj, with j = 0, . . . ,n ~ 1, 
and such that Oj and Oj+i (with the sum modulo n) 
are jointly measurable), and the corresponding sets of 
inequalities have been found for arbitrary n [ •]. This 
provides a valuable tool to investigate contextuality and 
how it evolves with the number of settings. For this spe- 
cific scenario, the quantum violation occurs for all n, and 
only technical reasons make the observation of violations 
harder for large n. 

In this Letter, we report the experimental observation 
of contextual correlations certified by violations of the 
tight noncontextuality inequalities described in Ref. [15] 
for any even number of settings ranging from n = 4 to 
n = 14. For each n, the experiment is designed to fulfill 
all the requirements for a test of contextuality and aim 
for the maximum quantum violation. 

Methods. — To certify contextuality we use the viola- 
tion of the noncontextuality inequalities [15], 
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for even n > 4, where < n — 2 indicates that n — 2 is 

the highest value allowed for noncontextual correlations. 

Any experimental test of a noncontextuality inequality 

should satisfy two conditions. One is that the observables 



whose correlations are considered in the inequahty should 
be jointly measurable [IG]. For inequality (1), this means 
that Oj and Cj+i should be jointly measurable for any 
j — 0, . . . ,n — 1. The second requirement is that every 
observable Oj has to be measured using the same experi- 
mental configuration in every context [17]. For testing in- 
equality (1), this means that, for any j — 0,...,n— 1, the 
experimental configuration used for measuring Oj should 
be the same both when Oj is jointly measured with Oj+i 
and when Oj is jointly measured with Oj_i- 

To assure that these two requirements are achieved in 
our experiments, we use a two-photon system in which 
each photon encodes a qubit and is initially prepared in 
the state 



^+) = ^(|00) + |11)), 



and implemented the observables: 




for even j, 
for odd J, 
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where I2 is the identity in the Hilbert space of one qubit. 

The fact that the measurements of Oj and Oj+i are al- 
ways performed on different particles ensures joint mea- 
sur ability. Measuring Oj together with Cj+i or with 
Oj-i does not require any change in the experimental 
configuration used for measuring Oj, so we can guaran- 
tee that every observable is measured the same way in 
every context (Fig. 1). 

For the prepared state (Eq. (2)) the maximal quantum 
value of fl, is attained for the observables: 



0{9j) — cos{j'K/n)ax + sm{J7r/n)ay 



(4) 



with (7^ and ay the Pauli matrices x and y. 

Experimental implementation. — State |0^) can be pro- 
duced using a double-slit (DS) to encode two qubits in 
the transversal path of photon pairs generated by spon- 
taneous parametric down conversion (SPDC) [18, 19]. In 
the near field of the double-slit aperture, the quantum 
state is described by [21, 22] 
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where s{i) refers to signal (idler) photons and \j) is the 
state of the photon that crossed the slit j {j = 0, 1). 

In Fig. 2, we show a schematic view of our experimen- 
tal apparatus which is divided in two parts. The first 
being the state preparation and the second is the detec- 
tion setup. 

For the state preparation, a continuous diode laser with 
exit power of 50 mW, operating at 405 nm, is focused 
in the center of a 2 mm BiBsOg crystal (BIBO) by a 
spherical lens (not shown on Fig. 2), fi = 30 cm, gener- 
ating coUinear type I SPDC pairs of photons. The pho- 
ton pairs (A = 810 nm) and the laser beam propagate 
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FIG. 1: (Color online) Left up corner: Graph of compatibil- 
ity for the n — 6 scenario. Vertices, Oi represent dichotomic 
observables and adjacent vertices represent jointly measurable 
observables. Right: An example of the experimental imple- 
mentation of two correlations, OoOi, in blue, and O3O4, in 
green. In our experiment, different detector positions corre- 
spond to the implementation of different observables. 




FIG. 2: (Color online) Experimental setup, (a) State prepara- 
tion. A CW laser generates colinear photon pairs in a BIBO 
crystal. A non confocal telescope, consisting of a spherical 
lens SL2 and of a cylindrical lens CL, projects the magnified 
image of the crystal in the DS plane x direction. Dichroic 
mirror DM reflects the pump beam, (b) Detection system. 
The lens PL is used to project the DS far field in the detec- 
tion plane. BS is a 50/50 beam splitter and Dl and D2 are 
APD's detectors. 



along the z direction and, immediately after the crys- 
tal, a dichroic mirror (DM) reflects the pump beam and 
transmits the down-converted photons. The double-slit 
aperture is placed 40 cm distant from the BIBO crystal, 
perpendicular to the z direction, each slit of the DS has 
width 2a = 80 /xm, along the x direction, the center to 
center separation is d = 160 /im. Between the crystal and 
the DS, a linear optical setup controls the quantum cor- 
relations of the twin-photons in the aperture plane [21]. 
This setup is composed by a cylindrical lens (CL) of focal 
length icL — 5.0 cm and a spherical lens (SL2) with focus 
f2 = 20 cm. This scheme projects a magnified image of 
the crystal center onto the DS plane in the x direction. 



With this experimental configuration, we are able to con- 
trol the correlations of the down-converted photons, such 
that the photon pair always passes through the same slit 
of the DS, thus forming the entangled state represented 
in Eq. (5). The length of the DS larger dimension along 
the y direction is 8.0 mm, larger than the down-converted 
beam width and it can be considered infinite. 

The detection system is set to project the Fourier 
transform of the DS at the detection plane, as shown 
in Fig. 2(b). In this scheme, we use a spherical lens 
(FL) of focal length 30 cm in the / — / configuration, 
and two avalanche photo-diodes (APD) detectors at the 
exit port of a balanced beam splitter (BS). The detectors 
are placed 60 cm from the DS plane and equipped with 
interference filters, centered at 810 nm (10 nm FWHM 
bandwidth). In front of each detector we have a pinhole 
with diameter 25 — 200 /im, for spatial filtering. The 
APD's detectors are mounted in translation stages and 
can be scanned in the x direction. Coincidences between 
the detectors are obtained with a homemade electronic 
circuit with 5.4 ns of temporal window. A two dimen- 
sional 25 X 25 array of coincidence counts was obtained 
by scanning both detectors in the x direction of the far 
field plane, with step length 100 /im and acquisition time 
of 30 s for each point. 

Experimental results and discussion. — In order to test 
experimentally the violation of the inequality (1), wc first 
need to find the correspondence between the coincidence 
counts and our observables, defined in Eq. (3), i.e., we 
need to know how the measurement operator is imple- 
mented when the coincidence counts is acquired in the 
DS far field. 

The mathematical description of the measurement op- 
erator in the transversal direction is 



where each single system operation li^ {x^) {y — i, s) 
given by: 



Ili, {x^) ^Ay (xv) {I2 + sine (k 6) x 

X [cos (kiv) <^"x + sin (kiv) ct^] } , (7) 



I2 is identity operator, k = kpd/2fp]^, kp is the pump 
beam wavenumber, 25 is the transversal dimension of the 
detectors, and x^ {v — i, s) is the detector v transversal 
position. The Pauli matrices a^ and ay in Eq. (7) are 
written in terms of the slit states |j) (j = 0,1). The 
functions A^, (x^) are given by 



A,y [x^) = —-^ — smc 
27r/FL 
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n (Xj, Xs) = lis (Xs) (81 Ili (Xi), 



(6) 



which is the diffraction envelope of the interference pat- 
tern. The measurement operator is physically imple- 
mented by the FL spherical lens in the / — / configu- 
ration and the APD detectors at the FL focal plane, see 
Fig. 2(b). The measurement operator 11^ [x^) is equal 
to E^ (x^) E+ {x„), with E^ {x„), resp. E~ (x^), being 
the positive (negative) frequency electric field operator 
at the detection plane, and is written in terms of the slit 
states \j) a = 0,1) [18-20]. 

The expected value of operator 11 (a;^, Xs) (see Eq. (6)) 
is proportional to the coincidence counts at the detector 
positions Xi and Xg- The connection between the mean 
value of the jointly measurable dichotomic observables 
and the experimental coincidence counts is given by 
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where C{0i,6s) is the coincidence count associated with 
the 9i and 9^ interference pattern angular position, and 
Oi, {v = i, s) are given by 



O^ = cos {6y) a^ -f sin {9^) ay 



(10) 



Eq. (9) is general, for any pair of angles 9i and 9s- The 
angular settings of Eq. (3) and Eq. (9) are related with 
the detector positions by 

9y = KXu , (11) 

which explains how each pair of detector position relates 
to each term in the Inequality (1), see again Fig. 1. 



The violation of the noncontextuality inequalities for 
the n-cycle is achieved when we use n/2 different posi- 
tions for each detector, registering the coincidence counts 
to calculate the correlations coefficients of Eq. (9). To 
better explain the procedure utilized, let us use the 
n = A (CHSH) scenario as an example. In this case, 
an optimal setting for the signal subsystem measure- 
ment apparatus is: {9s} = {0,7r/2} and for the idler: 
{9i} — {7r/4, 37r/4}. To obtain the correlation coefficients 
it is also necessary to use the orthogonal measurement op- 
erators, which are obtained when we change the subsys- 



tem angles by a factor of tt, i.e., {Og — n} = {—n, — 7r/2} 
and {6i — n} = {— 37r/4, — 7r/4}. Since the scanning pro- 
cess does not generate all the optimal points for maximal 
quantum violation, we used the nearest available exper- 
imental data. This problem reduces the amount of vi- 
olation, but not dramatically. As we increase the value 
of n, the above procedure is repeated, until we reach 
the n = 14 value, above which the angular separation 
between two consecutive observables in the same subsys- 
tem is smaller than the experimental resolution of the 
position. 

In Table I, we report our experimental results for each 
n. The Table shows three different values of ft. The 
first one is obtained using the raw experimental coin- 
cidence counts, denoted as ficxp- The second one, de- 
noted as ^cxpt is the value predicted by quantum me- 
chanics assuming ideal equipment when we consider that 
the angular separation between two operators that de- 
fine a context is 7oxp = ^(xi — Xg) instead of 7 = ir/n. In 
other words, this value of fl is the one obtained when we 
use quantum mechanics, the angles experimentally im- 
plemented, and the maximally entangled state defined by 
Eq.(5), but no other source of imperfection (such as the 
preparation of a non-maximally entangled state). The 
third value, i^maxj i^ the quantum bound using the ideal 
angular separation 7 = ir/n. It is important to have 
in mind that the limit for noncontextual correlations is 
given by n — 2, as is shown in Inequality (1). Error bars 
are statistically calculated. It might seem surprising that 
the error does not increase with the number of settings. 
A quick calculation shows us, though, that for an ideal 
setup the variance of D, is 
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where n is the number of settings and N is the total 
number of countings. That is, the error decreases with 
the number of settings. 
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4 


2.73 ±0.02 


2.73 


2.83 


6 


4.90 ±0.02 


5.11 


5.20 


8 


7.02 ±0.02 


7.25 


7.39 


10 


8.80 ±0.02 


9.25 


9.51 


12 


10.82 ±0.02 


11.25 


11.59 


14 


12.67 ±0.02 


13.25 


13.65 



TABLE I: Values obtained for Q. 
raw experimental coincidence counts, figxp is the bound value 
obtained by the theory, when we use the angles implemented 
by the experiment, i.e., 7cxp = K{xi — Xs). fi[^{^x is the maxi- 
mal value allowed for quantum mechanics, which corresponds 
to using the angles 7 — Tr/n. 



In Fig. 3 we plot the data from Table I transformed 
via O I— >■ (fl + n)/2n. This was done so that we could 
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FIG. 3: (Color online) Experimental results flcxp, noncon- 
textual bounds f^nci a-nd Tsirelson bounds iliJlix for the n- 
cycle scenario. In all three cases we apply the transformation 
n H-)- (SI ± n)/2n, so that the values can be interpreted as 
probabilities. 



interpret these values as the probability of success in the 
n-cycle game, which is a direct generalization of the pre- 
diction game proposed in [23]. As it is characteristic 
for the families of n-cycle inequalities, the violations get 
smaller with increasing n. However, it is interesting to 
stress that our data show significant violations for all 
n tested and if we were not limited by the positions of 
the detectors this setup could show significant violations 
above n = 14. 

Related work. — Similar inequalities were measured 
with a non-maximally entangled state (and therefore 
non-maximal violation) for n = 6 [24] and n = 42 [2-5] 
observables, with the goal of testing Hardy's "nonlocality 
without inequalities" [2(1]. 

Conclusions. — In this work, we provide an experimen- 
tal verification that a system of two photonic qubits, en- 
coded in the transversal modes of entangled photons gen- 
erated by the SPDC process, creates a probability distri- 
bution that is incompatible with any noncontextual hid- 
den variable theory. Our experiment tests the violation 
of the noncontextuality inequalities for the n-cycle sce- 
nario for the case of even n, recently reported in [l-'3]. It is 
important to stress that this is the first experimental vi- 
olation of noncontextuality inequalities for a completely 
characterised infinite family of scenarios, and that now 
we have the experimental quantum violations for even n 
up to n = 14. 

With a single two-particle conditional interference ex- 
periment, we are able to demonstrate the violation of six 
different noncontextuality inequalities with a number of 
settings ranging from 4 to 14. In this way, we have ob- 
served contextuality (in the sense of violation of the non- 
contextuality inequalities) in very good agreement with 
the predictions of quantum mechanics for six different 



scenarios. 
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